EXISTENCE OF GENERALIZED BENT FUNCTIONS IN THE
EXCEPTIONAL @ =2 (mod 4), ODD-DIMENSIONAL CASE
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ABSTRACT. We resolve an open problem of Kumar, Scholtz, and Welch (1985)
by constructing generalized bent functions from (Z/qZ)™ to Z/qZ in the ex-
ceptional case ¢ = 2 (mod 4) with m odd, the case their paper left without a
construction and which four decades of subsequent work had addressed only
through nonexistence results. Concretely, for all integers m > d > 2 with
m =dr 4+ 2k, r > 1, k > 0, we construct an explicit generalized bent function
from (Z/qZ)™ to Z/qZ, where ¢ = 2(2% — 1). We further show that, when
d > 3, these generalized bent functions have Fourier coefficients that are not
roots of unity — all of them when r is odd — which gives a negative answer to
a recent question of Armario, Egan, Kharaghani, and O Cathdin about bent
vectors for character tables.

1. INTRODUCTION

Bent functions are functions whose Fourier coefficients all have the smallest com-
mon magnitude allowed by Parseval’s identity. They were introduced for Boolean
functions by Rothaus | | and extended to functions f : (Z/qZ)™ — Z/qZ by
Kumar, Scholtz, and Welch | ], which are called generalized bent functions of
type [m, g]. Besides their origins in sequence design and coding theory, generalized
bent functions are equivalent to group-invariant Butson Hadamard matrices and are
connected to difference sets and finite geometry; see, for example, | , |

Kumar, Scholtz, and Welch constructed generalized bent functions of type [m, ¢]
with m even or ¢ # 2 (mod 4), and raised as an open problem whether they exist
in the remaining case

m odd and ¢ =2 (mod 4). (1.1)

This problem has remained open ever since. The evidence accumulated against

existence: many partial nonexistence results were proved, ruling out one subfamily

of (1.1) after another—starting with Pei’s | ] for type [1,14] and continuing

in [ 9, Y ) ) 9, Y Y K ) ) )
J—but no construction was found in this case.

The main contribution of this paper is to construct, for the first time, explicit
generalized bent functions of the following type.

Theorem 1.1. Let d > 2,7 > 1,k > 0 be integers, m = dr + 2k and ¢ = 2(2% —1).
Then there is an explicit generalized bent function

fom + (Z/qZ)™ — Z/qZ.
Moreover, suppose d > 3.
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(1) If r is odd, then no normalized Fourier coefficient Uy, (v) is a root of
unity: all ¢™ of them lie on the unit circle but outside the set of roots of
unity.

(2) Ifr is even, then a proportion 1— (r;2)2_r of normalized Fourier coefficients
Uy, . (v) are not roots of unity.

See Theorem 3.4 for the precise statement.

This theorem provides a positive answer to the open problem about the existence
of generalized bent functions mentioned above.

Corollary 1.2. There exist generalized bent functions of exceptional types [m, 2(2¢—
1)], where m > d > 3 are two odd integers.

In particular, generalized bent functions of types [3,14] exist, which is exactly
the smallest surviving parameter of the nonexistence literature. Leung and Schmidt
showed that for type [3,2p?] with p an odd prime, existence would force p = 7
[ ], leaving [3, 14] as the one open possibility in that family; Theorem 1.1 realizes
it.

Let d > 3 and n = 2¢ — 1. Then clearly ord, (2) = d and —1 is not a 2-power in
(Z/nZ)*, equivalently, 2 is not self-conjugate modulo ¢ = 2n. When n = 2¢ — 1 is
prime, the numerical conditions of | | are satisfied: ord,(2) =d < 2m — 1 and
n=2%—-1<22 4 2™ 4 1. For composite n the results of | ], which assume
q = 2p* with p an odd prime, do not apply. In all cases the following classical
obstruction is switched off: there is no generalized bent function of type [m,2N]

with m odd when 2 is self-conjugate modulo N by | , Proposition 6] (see
also [ D.

The functions we construct have a further, unexpected feature. Every generalized
bent function produced by the classical constructions of | ], and every one
arising when ¢ is a prime power, has normalized Fourier coefficients that are roots
of unity, by an argument of | ] going back to Kronecker. Armario, Egan,
Kharaghani and O Cathéin [ , Question 3.8] ask whether, for an abelian

group G of order N and an F(G)-bent vector x, the entries of N~/2F(G)x must
be roots of unity. Taking G = (Z/qZ)™ and x = (Q{(g))geg, these entries are
precisely the normalized Fourier coefficients Uy (v), so Theorem 1.1 with d > 3 and
r = 1 gives a negative answer; the smallest example is G = (Z/14Z)3. In fact, in
the exceptional case the opposite always holds as follows.

Proposition 1.3. Let ¢ =2 (mod 4) and let m be odd. If f : (Z/qZ)™ — Z/qZ is
generalized bent, then no normalized Fourier coefficient Uy (v) is a root of unity.

Asnoted in | ], a positive answer would, together with a result of Craigen
and Kharaghani, imply Ryser’s circulant Hadamard conjecture; our counterexample
is not cyclic, so the cyclic case, which is the one relevant to Ryser’s conjecture,
remains open.

Finally, we contrast our result with the existence of perfect nonlinearity func-
tions. A function F : (Z/qZ)™ — 7Z/qZ is perfect nonlinear if n o F is bent for
every nonprincipal character 1 of the codomain, a condition strictly stronger than
generalized bentness. When ¢ = 2 (mod 4) and m is odd, no perfect nonlinear map
(Z)qZ)™ — 7./ qZ exists (see | , , , , , D.

The paper is organized as follows. In Section 2, we recall the generalized bent
condition, its Butson-matrix form, and prove the non-root-of-unity property. In
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Section 3, we present the construction, compute all Fourier coefficients, and com-
plete the proof of our main results.

2. GENERALIZED BENT FUNCTIONS AND BUTSON MATRICES

Throughout this paper, for any integer h > 2, we set (j, = e27/".

Definition 2.1 (Generalized bentness). Let g, m be positive integers with ¢ > 2.
A function f : (Z/qZ)™ — Z/qZ is called generalized bent if

2
Z Cl{(x)—ur

=q" (2.1)
we(@/qz)m

for every v € (Z/qZ)™. This is the generalized bent function of type [m,g] intro-
duced in | ]

Write
Wy (v) = Z CJ@=vr U (v) = g Wy (v).
z€(Z/qZ)™
Then f is generalized bent precisely when every normalized Fourier coefficient U (v)
lies on the complex unit circle.

We also record the Butson-matrix interpretation of Theorem 2.1. A Butson
Hadamard matric H € BH(N, h) is an N x N matrix whose entries are h-th roots
of unity and which satisfies HH* = NIy. If the rows and columns are indexed
by a finite abelian group A, the matrix is A-invariant when H, . depends only on
T —z.

Proposition 2.2 (Group-invariant Butson correspondence). A function f : (Z/qZ)™ —
Z./qZ is generalized bent if and only if

H = (¢]"™) (2:2)

%, 2€(Z/qZ)™

is a (Z/qZ)™-invariant matriz in BH(¢™, q).

This is the character form of the standard group-ring criterion; see [
Lemma 2.1 and Proposition 2.3].

We close this section by proving Theorem 1.3, a basic property of the normalized
spectrum in the exceptional case, independent of any explicit construction. It
contrasts with the prime-power case, where every Uy(v) is a root of unity by an
argument of | ] going back to Kronecker.

)

Proof of Theorem 1.53. Write ¢ = 2n with n odd, so K = Q(¢,;) = Q(¢,) has ring of
integers Ox. Fix v € (Z/qZ)™, set W = W;(v) € O and € = Uyp(v) = ¢ ™/2W.
Then

£ =q¢ "W eK.
Take a prime p in Ok lying above 2. Since ¢ = 2 (mod 4), the prime 2 is unramified
in K, so vp(q) = 1 and therefore vy,(£?) = 2v,(W) — m is odd. This forces that &>
not to be a root of unity, and hence neither is &. ([l

For even m the conclusion may fail. The functions g, 2k defined in Eq. (3.7) have
root-of-unity coefficients. So the non-root-of-unity property of f, ., for even m is
not automatic and carries independent information.
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3. CONSTRUCTION AND PROOF
In this section, let m = dr + 2k where d > 2, r > 1 and k > 0 are all integers.
Let n=2%—1 and ¢ = 2n.
For s = (s1,...,5q4) € {0,1}%,if s # (0,...,0), define

d
K(s)=> 271s;—1€{0,...,n—1}. (3.1)
i=1
Clearly, the map
k4N {(0,...,0)} — Z/nZ (3.2)
is a bijection by n = 2¢ — 1. We fix the Chinese remainder isomorphism
(Z/qZ)* == F3 x (Z/nZ)?, x> (s,y), (3.3)

together with the injection Z/nZ — Z/qZ given by multiplication by 2.
Now we define the function f, 4, which will be the core of the function f, ,, of
Theorem 1.1.

Definition 3.1. For (s,y) € F4 x (Z/nZ)?, define

f:y?, s=(0,...,0),
b(S,y) = Zill H(S)Q
;yz'2+’€(5)yd_Ta 7&(0’ 70)
Define f, q: (Z/qZ)* — Z/qZ by
fq.a(x) =2b(s,y) (mod g), (3-4)

where (s,y) is the image of  under Eq. (3.3).

Here 471 = 2972 ¢ (Z/nZ)*, so that k(s)?/4 in Theorem 3.1 is unambiguous.
The Gauss sum will be useful in our proof. Put

D) =C Gu= Y W)

teZ/nl
By | , Theorem 1.3.4], we have G,, = iy/n for any n =3 mod 4.
Lemma 3.2. For any u € Z/nZ,
u?
3wt —ut) = Gw(—Z). (3.5)
teZ/nZ
Proof. Conclude the equation by completing the square. ([

Theorem 3.3. For each v € (Z/qZ)%, Uy, ,(v)| = 1. More precisely, Uy, ,(v) is

equal to a 4n-th root of unity times o' where o = 2=%2(1 — i\/n). If moreover
d >3, then Uy, ,(v) is not a root of unity.

Proof. We need to compute
W,.a(v) = a*?Us, ,(v)
for each v € (Z/qZ)?. For x,v € (Z/qZ)?, write
s =z mod 2 € FY, y =z mod n € (Z/nZ)?,
t = v mod 2 € F4, w = 29"y mod n € (Z/nZ)%.
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. d
Since () = —1 and ()t = (?

(=G =G = (hy(=24h,
it follows that

Wraw)= Y @7 = ST e = 5(1w),

z€(Z/qZ)* z€(Z/qZ)?

where
Z Z ) (b(s,y) —w-y).
s€Fd ye(Z/nZ)?
Write
ye(Z/nZ)4
o S(t w) = ZSEFd( 1)t Ag(w). We will compute A, (w) for each s € F4.
q. (3.5), when s = 0, we have
2 - 2
Ap(w) = GLd(w), where ®(w) = ¢ (_w> :
when s # 0, we have
wi 4+ wi_y + k(s
A.s(w) = G;il_llb (_ 1 4d 1 ) Z ,(/) wd)yd).
YadE€EL/NZ

The last sum is zero unless x(s) = wy or equivalently s = s,, := k~!(wy), in which
case it is n. Thus we have

S(t,w) = 3 (1) Ay (w) = Ag(w) + (—1)1 A, (w)

scFy
= ®(w)(GL + (—1)"*»nGi)
= ®(w)iln?2(1 — (=1)"*viv/n) = d(w)idg?2a D"
where G,, = i/n. Therefore, we obtain that for each v € (Z/qZ)?,
Us, . (v) = q Wy, ,(v) = ¢ 2S(t,w) = B(w)i%al D" (3.6)

This clearly has absolute value 1 since ®(w) is an n-th root of unity whence |®(w)| =
1 and n + 1 = 2%, This proves the bentness of f, 4.

Assume that d > 3. Since n = 2¢ — 1 = 3 (mod 4), n is not a square, so
a? =242 — 2% — 2i\/n) is irrational. As |a?| = 1, its minimal polynomial over Q
is X2 + (2 —2279)X + 1, which is not integral for d > 3. Hence a2, and therefore
«, is not an algebraic integer, so « is not a root of unity. (For d = 2 the conclusion
genuinely fails: o = e~7/3.) |

Denote g, ok : (Z/qZ)** — Z/qZ by

D

9q, Qk ijxk—&-] (37)

Then
Uy, o0 (v) = G 271 (3.8)
is a 4n-th root of unity, and g4 2 is a bent function by [ , Theorem 1].
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For any m = dr + 2k, define f, ., : (Z/qZ)"™ — Z/qZ (depending on the choice
of r) by

fam(z Zf a(@9) + g an(a”).

Jj=1

where z(9) = (Ta(j—1)41s--->2a) for 1 < j < r and 2’ = (Tary1,...,%m). Here
gq,2k disappears if k = 0. We shall prove the following result, which clearly implies
Theorem 1.1.

Theorem 3.4. For each v € (Z/qZ)™, Uy, . (v)| = 1. More precisely, set o =
274/2(1 —iy/n) and let
a(v) = #{1 <j<r:tW.s g is even} €{0,1,...,r}
where
t0) =9 mod 2 and s,0) =k H(weg) = K129 wg; mod 1)

are notations in the proof of Theorem 3.3. Then Uy, . (v) equals a 4n-th root of
unity times o**) =" and a(v) = a for ezactly (Z)Q*Tqm of the v € (Z/qZ)™

If d >3, then Uy, . (v) is a root of unity if and only if r is even and a(v) = r/2;
in particular, if v is odd then no Uy, . (v) is a root of unity.

Proof. By | , Property 3], f;.m is a generalized bent function. Moreover,

ufq m H Z/{f d (j gq 2k (’U/)

the last factor being absent when &k = 0. By Eq. (3.6), we have

@)idg-0" w0 T ) T
ufq,m( = gq2k ]‘_[CP I « = no=i=t y

2 2
= Uy, ()it (- )
is a 4n-th root of unity by Eq. (3.8). By the definition of a = a(v), we have
Uy, ,.(v) = na®*~". For a fixed w9, we have s, # (0,...,0), so exactly half
of the t\¥) ¢ F¢ give each parity; the r parities are therefore independent and
equidistributed, which gives the stated frequency of each value of a.

Finally let d > 3. If 2a —r = 0, then Uy, (v) = 7 is a 4n-th root of unity. If
2a —r # 0 and a?*~" were a root of unity, then « itself would be a root of unity,
contradicting Theorem 3.3. O

Corollary 3.5. Let d > 2 and q = 2(2¢ — 1). The matriz

fq,a(x—=2
H= (qu “ ))I,ZE(Z/qZ)d

is a (Z./qZ)%-invariant matriz in BH(¢%, q). Its entries are in fact n-th roots of
unity.

Proof. The Butson property follows from Theorem 2.2. Since f, 4 = 2b(s,y) mod ¢
by definition, Cf“ (@) (b(s’y) is an n-th root of unity. O
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