THE GENERATING FIELDS OF TWISTED KLOOSTERMAN
SUMS

SHENXING ZHANG

ABSTRACT. We use the Kloosterman sheaves constructed by Fisher to show
when two twisted Kloosterman sums differ by a factor of a (¢ — 1)-th root of
unity, and use p-adic analysis to prove the non-vanishing of twisted Klooster-
man sums. Then we determine generating fields of twisted Kloosterman sums
by these results.

1. INTRODUCTION

1.1. Background. Let p be a prime number, ¢ = p? a power of p, and F, the

field with ¢ elements. Denote by u, C @X the group of n-th roots of unity. Let
¥ : Fp, — pp, be a fixed non-trivial additive character. For x = {x1,...,Xn} an
unordered n-tuple of multiplicative characters yx; : Fy* — py—1 and a € F, define
the Kloosterman sum as

Kln@/&X,(LG) = Z Xl(xl)Xn(xn)'l/](Tr(ml ++xn))7

21 Tn=a
. X
mlequ

where Tr = Try,_/p,. Clearly it lies in Z[u,g—1)]-
When x =1 = {1,---,1} is trivial, the distinctness of Kloosterman sums is
studied by many peoples. It’s easy to see that

a,b conjugate = Kl,(¢,1,q,a) = Kl,(¢,1,q,b).
Fisher in [Fis92, Remark 4.28(2)] conjectured that the converse
Kl,(¢¥,1,q,a) = Kl,,(¥,1,¢,b) = a, b conjugate (L.1)

is also true if p > nd. It’s known that Eq. (1.1) holds when p > (2n2¢ 4+ 1)2 in
[Fis92], or p > (d — 1)n + 2 and p does not divide a certain integer in [Wan95,
Theorem 1.3]. Once Eq. (1.1) holds, one can obtain that Kl, (v, 1,q, a) generates
Q(pp), where

H = {t € Gal(Q(,)/Q) ] 3 € Z such that ¢" = a! 7" }.
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1.2. Notations and main results. In this article, we will study the generating
fields of twisted Kloosterman sums. We need the following notations:

e ¢ =c(x) | (¢—1) the minimal positive integer such that x{ =1,i =1,...,n,
i.e., the least common multiplier of orders of x;.
x® ={x¥, -, x¥}, where w € Z or Z/cZ.
xn = {x1m, -, XuN}, where 7 is a multiplicative character.
xoo:={x100,---,Xn 00}, where o € Gal(F,/F,).
[Tx:=x1"Xn
Clearly, the Galois group

Gal(Qppe) Q) = {7

t € (Z/pL)*,w e (Z/CZ)X},

where
Ut(gp) = C;t)a Ut(Cc) = (e Tw(Cp) = CpaTw(Cc) =¢
for any G € fip,Ce € i

Theorem 1.1. Assume that p > max {(2n?! +1)%, (3n — 1)c — n} and for any i, j,

Xi = X; if Xi = X} Then K1, (¥, x,q,a) generates Q(ppe) ™, where H consists of
those o47, such that there exists an integer k and a character n satisfying

Lk w k w
t"=a'"", x"=x"n nla)=TIx"()
A basic observation tells that

o:Tw Kl (¥, x, ¢, a) = [T x(t) ™" Kl (¥, x*, ¢, at™).

To study the generating fields, we need to know when two twisted Kloosterman sums
differ by a factor of some A € pg—1. In Section 2, we will recall the construction
of Kloosterman sheaves by Fisher and show when two twisted Kloosterman sums
differ by a factor of A\ for sufficiently large p, see Theorem 2.7. We also need the
non-vanishing of twisted Kloosterman sums, which will be proved by p-adic analysis
in Section 3. Then we will finish the proof in Section 4 and end this paper with
several examples in Section 5.

2. KLOOSTERMAN SHEAVES AND FISHER’'S DESCENT

2.1. Kloosterman sheaves. Let £ # p be a prime and fix an embedding Q, = C.
Then the additive and multiplicative characters 1, x; can take value both in Q, or
C.

Deligne in [Del77, Theorem 7.8] and Katz in [Kat88, Theorem 4.11] defined the
Kloosterman sheaf of Q,-modules

Kt = mn,q(w7 X)

on G,, [Fg» with the following properties:

KX is lisse of rank n and pure of weight n — 1.

For any a € F, Tr(Frob,, Kfz) = (=) LKL, (¢, x, q,a).

K¢ is tame at 0.

K¢ is totally wild with Swan conductor 1 at co. So all co-breaks are 1/n.

Here Frob, denotes the geometric Frobenius at a.

Definition 2.1. The n-tuple x is called Kummer-induced if there exists a non-
trivial character A such that )x = xA as unordered n-tuples.
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Remark 2.2. If x is Kummer-induced, then [[x = [[(xA) = A" [[x, A" = 1.
Since
Kln(’l/J, X, Q7a) = 77((1) Kln(d}a X5 Q7a)a

we have Kl, (¥, x,q,a) = 0 if x is Kummer-induced and A(a) # 1. See [Fis92,
Remark 1.6].

Remark 2.3. When x is not Kummer-induced, K/ is not geometrically Kummer-
induced. That’s to say, K¢ | G,, /F, 1s not of type (t — tV),F for some integer
N > 1 and some lisse sheaf 7 on Gy, 5 . See [Fis92, Theorem 2.9].

2.2. Fisher’s descent. In [Fis92, Theorem 3.12], Fisher gave a descent of Kloost-
erman sheaves along an extension of finite fields. For any a € F, he defined a lisse
sheaf F,(x) on Gy, = Gy r,, such that

Fax) |1 Gmys, = Q) (t—o(@)t") Klng(oo ' xo0™).
cE€Qal(F, /F)
Moreover,
e F.(x) is lisse of rank n? and pure of weight d(n — 1).
e For any t € FX, Tr(Froby, Fu(x);) = (—1)" V9Kl (¢, x, ¢, at™).
o F,(x) is tame at 0 and its co-breaks are at most 1.

2.3. Distinctness. We will consider when

KL, (¥, x,q,a) = AKL, (¢, p,q,b)

for some A\ € pg—1. The argument almost follows [Fis92], while A = 1 in his paper.
For a lisse sheaf F on G, denote by Ggeom (F) the geometric monodromy group
of F, i.e., the Zariski closure of wl(Gm/ﬁp) in GL(F). Let Ggeom(F)° be the

connected component of Ggeom (F) and g(F) its Lie algebra.

Proposition 2.4 ([Fis92, Proposition 4.18]). Assume that p > 2n+1 and x is not
Kummer-induced.
(1) As a representation of §(Fa(x)), Fa(x) has a highest weight Ao (x) with
multiplicity one.
(2) Fulx) has a geometrically irreducible sub-sheaf Go(x), such that as a rep-
resentation of g(Fa(x)), Ga(X) is an irreducible sub-representation with
unique highest weight A, (x). Moreover, G,(x) | G 5, occurs exactly once

mn ]:a(x) ‘ Gm/?p

The multiplicative character x can be viewed as a character on F,-points of
B* = Resg,/r, Gm. It gives a rank one lisse sheaf on B* constructed from the
Lang torsor as in [Kat88, §4.3]. Denote by L, its restriction on G,,. Similarly,
the additive character ¢ gives a rank one lisse sheaf on G, /p,. Denote by Ly, its
restriction on G,,. For any t € IF;,

Tr(Frobt7 (Ex)?) =x(t), Tr (Frobt, (Ew)g) = (t).

Lemma 2.5 ([Fis92, Lemma 4.9]). Let F,F’ be lisse sheaves on Gy, of same rank
r and pure of the same weight w. Assume that for any t € F;,

Tr(Froby, F;) = Tr(Froby, 7).
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Let G be a geometrically irreducible sheaf of rank s on G,,, pure of weight w, such
that G | Gm g, occurs exactly once in F | Gm g, Then G | G g, occurs at least

once in F' | Gm z,, provided that p > (2rs(Mo + M) + 1)2, where M, is the
largest n-break of F & F'.
Proposition 2.6 ([Fis92, Corollary 4.20]). Let a,b € F* and let x, p be n-tuples of

multiplicative characters x;, p; : By — @Z respectively. Assume that p > (2n?¢ +
1)%, x is not Kummer-induced and there is X € pg—1 such that

Kln(w7 X7 q’ a) = A K]‘n(w’ p’ q7 b).
Then Ga(x) ® LI1x | Gm/ﬁp occurs at least once in Fyp(p) @ L115 | Gm/Fp'

Proof. Denote by
F=F.)®Lnx, F =Fp)@Lns G=0.(x)® Lk

For any ¢ € F,;, we have ;A = A. Since

Ot (Kln(wa X 4, (Z)) = HY(t) ! Kln(ﬂ’a X 4, atn) = (71)(n71)d TT(FTObt, ff)a
Ot (Kln(wv P4, b)) = Hﬁ(t) : Kln('ip, P, q, btn) = (_1)(n—1)d TI‘(FI‘Obt, ]:Z/)’
we have Tr(Froby, 75) = A Tr(Froby, 73).

Let V = Q, - e with Frob,-e = Xe, where Frob, € Gal(F,/F,) denotes the
geometric Frobenius. Denote by Ly the sheaf on Speck, corresponding to this
module and let £ be its pulling-back along G, — SpecF,. Then for any t € F;,

Tr(Froby, £7) = Tr(Froby,, Lo) = A,  Tr(Froby, (F' @ £);) = Tr(Froby, 753).

Since L | G, JF, is trivial, the result then follows by applying Lemma 2.5 to sheaves
F,F'®@ L,G with r = s =n?, My =0 and M., < 1. O

Theorem 2.7. Let a,b € F; and let x,p be n-tuples of multiplicative charac-
ters. Assume that x,p are not Kummer-induced and neither of them is of type
{6,671 L, A 6. If p> (2020 +1)? and

Kln(w7 X4, (l) =A Kln(wa P4, b)

for some X € pg_1, then there exists o € Gal(Fy/Fp) and a multiplicative character
n, such that b = o(a) and p = (x o 0~ ')n as unordered tuples. Moreover, either
both Kloosterman sums vanish or n(b) = A\71.

Here, A2 denotes the non-trivial quadratic character of F'.
Proof. Denote by
H= Kb (V.3 | Gy, and K = King(@0) | G, -

By our assumptions, H and K are not Kummer-induced by [Fis92, Theorem 2.9].

By applying [Kat90, Theorems 8.8.1, 8.11.3] with n = 4, m = 0, we obtain that
Ggeom(H)° = SO(4) if and only if there is a multiplicative character n such that
X = X1 = X~ 'n as unordered 4-tuples and [] x = Aan?. In which case, there is a
permutation € € Sy such that xix.i) = n-

e If e =1, then x? = 1, xi = x1 or x1A2. Since [[x = A2n?, we have
X = {13 ]-7 1,A2}X1 or {17 13 1,A2}X1A2-



THE GENERATING FIELDS OF TWISTED KLOOSTERMAN SUMS 5

o If ¢ = (1234) or (12)(34), then x1x2 = x3x4 = 7, which contradicts to
[Ix = Aon®.
o If ¢ = (123), then xax2 = X2X3 = XaX1 = 7, X1 = X2 = X3. Since
[Ix = A2n? = Aaxi, we have x4 = x1A2 and x = {1,1,1, A} 1.
o If £ = (12), then x1x2 = 7, X3 = xj = 7. Since [[x = A2n?, x3x4 = Aon =
AsxZ, we have x4 = Ayxs. Therefore,
x = {x1,3x7 1 xa e} = Daxs xg Txs, 1 Ak xs.
e The remaining cases can be discussed similarly.
Since the form of x contradicts our assumptions, we have Ggeom(#)° # SO(4).
Similarly, Ggeom (KC)° # SO(4).
The following argument follows from [Fis92, Theorem 4.22]. For a € ﬁ; , denote
by T, : t — at a translation on G, JF, and
Ho =Ty (Hoo ), K =T, (Kor™h).
Let G be the geometric monodromy group of
D me @ «
o€Gal(F, /F,) r€Gal(F,/Fp)

and g the Lie algebra of G°. Since Ggeom (1) 7# SO(4), we have Ggeom(Hs) # SO(4)
for any o. This implies that g(#,) is simple. Let A, (resp. p.) denote the highest
weight of H, (resp. K;). Since

Fa0) | Gmye, = Q) (t—t") Ho,
c€Gal(F, /F,)

we have Ao(x) =D, Ao, Xo(p) =D, pir. By Proposition 2.6, we have
ga(x) ® EH? | Gm/ﬁp — .Fb(p) ® Enﬁ | Gm/ﬁp,
gb<p) & El‘[ﬁ | Gm/Fp — ]:a(X) & EHY ‘ Gm/FP'

Since as representations of g, G, (X), Fa(Xx) have the highest weight A,(x), Gy(p),
Fu(p) have the highest weight A\y(p), we have A\,(x) = Ap(p). Since A, p, are
fundamental weights, this implies that there is a ¢ such that A\, = p;. Therefore,
H, = K1 as representations of g, and H, ® £ = Ky as sheaves on Gy, /F, for some
L. By [Kat90, Lemma 8.11.7.1], £ = L, for some tame character 1. Hence

TK = L,® T:(a)(”}-[ o 071) =L, ® T;(a) /C&z,q(l/% X © 071) | Gm/FP.

By [Fis92, Lemma 4.11], we have b = o(a) and p = (x oo~ !)n as unordered tuples.
This implies that

Kln(l/]a pa CI7 b) = n(b) Kln(d& X’ qa Cl)-

Hence both Kloosterman sums vanish or n(b) = A~1. O

Remark 2.8. In [Fis92, Corollary 4.27], Fisher showed that if p > (2n*? 4+ 1)? and

KL (v, %, ¢, a)| = (Kl (¥, p, D),

then b =o(a),p= (x 0o ), or b= (=1)"c(a),p= (x "' oo ).
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Corollary 2.9. Keeping the hypotheses of Theorem 2.7. Assume that x is defined
over Fp, that’s to say, x = X © Ny, /r, for some n-tuple x, of characters on F.

If
Kln(w7X7Q7a) = AKln(w,qua b)a A € /U'q—la
then b = o(a) for some o € Gal(F,/F,), and K1, (¢, x, ¢, a) = Kl (¥, x,¢,b).

Proof. In this case, we have x = xn and then n = 1. The result then follows
easily. [l

3. THE NON-VANISHING OF KLOOSTERMAN SUMS
The case n = 1 is trivial. We will assume that n > 2 in this section.

Theorem 3.1. Assume that p > (3n—1)c—n and for any i, j, xi = x; if xi’ = X7
Then K1, (¢, X, ¢, a) is nonzero.

Proof. Let p be a prime above p in Q(uq—1) and P the unique prime above p in
Q(p(g—1)p)- Let v be the normalized B-adic valuation. Once we fix an isomorphism
from F, to the residue field of Q(uy—1) at p, the Teichmiiller lifting of the residue
map at p gives a primitive character w of F;*. Denote by

g(m) == 37w (1)u(Tx(0))

teFy

the Gauss sum. Then the Stickelberger’s congruence theorem tells that

d—1
v(g(m)) =D _mj, (3.1)

where
d—1

§=0
see [Sti90] or [Was97, Chapter 6].
For each ¢ € {1,2,... n}, there is s; such that y; = w™
in the identity

si, Takex = 21 - xTpa

q

2 _ q—1, ifz=1,
> wMe) = .
- 0, if x #£1,

m=0
we get
q—2 n
(q - ]-) Kln(¢v X9, a) = Z Wm(a) H g(m + Si).
m=0 i=1

There is a unique m such that v([];_; g(m + s;)) is minimal by Proposition 3.2.
This implies that Kl, (¢, x, ¢, a) is nonzero. O

We may assume that 1 < s; < ¢ — 1 (notice the bound). Write

d—1
Si = E sip’
j=0

Wlth()gs”gp—l
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Proposition 3.2. Assume that p > (3n — 1)c —n and for any i,j, xi = x; if
Xi = X} Then there is a unique 0 < m < q — 2 such that v([T;_, g(m + s;)) is
minimal.

Proof. Since c(xx7 ') < ¢(x), we may assume that x; = 1,57 = ¢— 1 for simplicity.

Step 1: express the valuation in terms of m;; and s;;.
Foreachi € {1,2,...,n}, let ¢; _1 € {0,1} be the integer part of (m+s;)/(¢—1).
Then we may write
d—1
m+s;—(g— 1)1 = Zmijpj, 0<my; <p-—1
j=0
By the Stickelberger’s congruence theorem Eq. (3.1), we have
1

n n d—
v (H g(m + 51)) = my; (3.2)
i=1 i=1 j=0
Note that
d—1
m+s;—(q—1)€,—1 = Z(mj + )P — (g — Dei 1.
3=0

For each j € {0,1,2,...,d—1}, denote by ¢;; the integer part of (m;+s;;+¢€ ;-1)/p
inductively. Then ¢;; € {0,1} and
d—1
Z(mj + 515 + €51 — peig)p’
3=0
=m+S; +€,1— Q€ q-1
d—1
= Zmijpj + q(€i,—1 — €i,a—1)-
3=0
Since both the left-hand side and E?;é m;;p’ lie in the interval [0, ¢ — 2], we have
Mij = My + 855 + €51 — P€ij

and €, 4-1 =€, 1.

Step 2: express the valuation in terms of s
There exists a permutation o; € S,, such that

oj(u;).j°

Sa;(1),5 2 80,205 217 2 So5(n).g- (33)
If s;; = sy, then by Lemma 3.3, x7" = x&, xi = x& and €5 = €yr5. If 555 > 544,
then
Sij +€ij—1 > Sijt+erjo1 and € > €y .
In other words, {e;;}, and {s;; +¢€;j_1}, have the same orderings as Eq. (3.3).
Therefore, there exists 0 < u; < n such that
€oy(1).5 = = €oy(u)i = Ly €oj(uy41) = = €oyn)j = 0.

This implies that

Moi(1),5 =" 2 Moy (uy)gr Moy(ug+1),g = = Maj(n),j
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Note that s; = ¢—1,51; = p—1and €, 1 = 1. One can show that ¢;; =1
inductively, which means u; # 0. If u; # n and Mg, (u;),; > Mo, (n),j, then
02 So;(u;)g T €o(us).i =P 2 Soy(n).i T €o(n),j 2 0,
which forces that
1 =0.

Then Xo,(u;) = Xo(n) and

So;(u)g =P~ Li€oj(u),i =1 Soy(n)g = €oy(n)g

. L n _n
By Lemma 3.3, this implies that Xo,(u;) = Xoj(n):
€0;(u;),j = €o;(n),j» Which is impossible. Hence

M = M (uy).§ = M+ So,(u,).5 F €, (u). -1 — P
is the unique minimum among {ms;, maj, ..., My; . Therefore, the valuation Eq. (3.2)
becomes

Zmij = Z(mj + 8i5 + €51 —Peij)
i i
:EZ@é—Swwﬂd—ewwmr4+P+Sm+Q¢4—pqﬂ
i,

= ndp + Z(Z Sij + n(m; — Soj(u)i eﬂj(uj)d'—l) +uj-1 —puj)
j i

p—1
= ndp + E Sij +1n E (m; = S5, (u;),j — " Uj; — Eaj(uj),j—1>~ (3.4)
0,3 J

d
Here, u_y == 3% ;1 €,-1 = Ug—1.

Step 3: find the minimal valuation.
If

p-1, p—1.
’(S‘Tf(i)’j T i) = (S0, (.5 + i')

then by Lemma 3.3, ng(i) = ng(i')’ Xoj(i) = Xoj(i")y Soj(i)j = Soj(ir),j- Lhis
implies that ¢ = ¢’ because (p —1)/n > 1. Therefore, there exists a unique U; such
that

<1

p—1 p—1.
So;(Uj)G T n Uj = %l%xn {so]‘(i),j + n Z}'
Moreover,
p—1 p—1.
Soy(U.g T Uj > $o,01),5 + s 1 (3.5)
for any 7 # U;.
Write
EUJ(1)7J T e e s — EO'J(UJ)VJ f— ]_’ EUJ(UJ+1)7j T e e e — O'J(n)"? = 0.

If mis

d—1

M= ZMjp]’ where Mj = p — so,,),; = Eo,w;),i-1>
§=0

then m; = 0,¢; = E;; and u; = U;. Denote by V' the corresponding valuation
Eq. (3.2) for m = M.
If all U; = Uj, then €ij = Eij and

Zmij :V—l—an;- > V.
%] J
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The equality holds if and only if all m;- =0, i.e., m = M. If there exists j such
that u; # Uj, then by Eqs. (3.4) and (3.5), we have

_ ’ p—1 )
- My = Soj(uz),j — n Uj = €oj(uy),i—1

- Z(_Sﬂj(Uj),j - p; 1Uj - Eaj(Uj),jﬂ)

J
p—1 p—1
ZZ(SUJ(Uj)’j + " Uj = 50;(u;)5 — o uj + Eq v;),-1 — 60.7(“.7‘)11'—1)
J

p—1 p—
QEE:@w@m+ U= So(u)5 — ?ﬁ—Q>0
u;7Uj
Hence the valuation Eq. (3.2) is minimal if and only if m = M. O

Lemma 3.3. Assume that p > (3n — 1)c —n. If xI" # x5, then for each j, there

i’

is no integer 0 < o < n such that |s;; — si; — %04 < 1.

Proof. There exist integers r,r’ such that

(g—D)r (¢ —1)r
S; = ) Syt = .
c c
Then , ,
_ %P — a4 _ 4P 4
Sij = ———, Siyj=—"—T —,
c c
where a; = rp~7,a, = r'p™7 mod ¢ with 1 < a;,a’; < c¢. Let a// := a; — a/;. Then
g P a; p VERad] J J J
laf| <e—1.
If

—1 a/,/ — a/,/
La+t:51j — Sirj = L
n c
for an integer 0 < o < n and a real number ¢ with [¢t| < 1, then
(nalf , — ac)p = najj — ac+net.
There are three cases:
e If na’/,, —ac#0and a =n, then a7, #c,
p<|(aj, —cpl=la —c+ct| <3c—-1<(Bn—-1)c—n
since n > 2.
e If na’/,; —ac#0and a <n, then
p < |naj —ac+net| <n(c—1)4c¢(n—1) +nc < (3n—1)c—n.
e Ifnaf, | —ac =0, then n(r—r') = n(a;;1—aj )P’ = acp/™ =0 mod c.
That is to say, xi' = xJ.
These finish the proof. O

Remark 3.4. When n = 2, p > 3¢c—2 is enough by a careful estimation. See [Zha21,
Lemma 3.4, Proposition 3.6].
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4. PROOF OF THE MAIN THEOREM

Theorem 4.1. Assume that p > max {(2n2d +1)2,(3n — 1)c — n} and for any i, j,
Xi = Xj if Xi = X}. Then K1, (v, x,q,a) generates Q(ppe) ™, where H consists of
those o7, such that there exists an integer k and a character n satisfying

ok k
t"=a"", x"=x"n na)=I]x"{).

Proof. Note that if x is Kummer-induced, then there is a non-trivial character A
such that x = xA and A™ = 1. Thus there exists 7 # j such that x; = x;A and
Xi" = X}, which contradicts to our assumptions. Certainly, x = ({1,51_1, 1,A9)& is
also impossible.

By Theorems 2.7 and 3.1, and the fact that

OtTw Kln(wa X9, (Z) = H X_w(t) Kln (’(/J7 Xw7 q, atn)a
we have that o7, fixes K1, (¢, X, ¢, a) if and only if

at™ = U(a)v Xw = (X ° 0_1)777 7’](0’(0,)) = wa(t)

for some o € Gal(F,/F,) and character n. Write o(z) = 2P . Since t? = ¢, we

have

k
=t = (J(a)/a)p = alfpk,

n(a) =n(o(a))” =TIx“ ") = TIx" ()
and x¥ = kan. U

Remark 4.2. Denote by a = ged(k,d) and A := a?” . Since the order of a divides

d _
ged((P* —1)(p—1),p" 1) = (p* = 1) ged(p— 1, 119)“

D =" edlp-10),

we have \¥/® = 1. If X\ # 1, then
Tr(a) = (1+ A4+ A5 (a+a” +---+a" ) =0
Hence, Tr(a) # 0 implies that A = 1,¢" = al=P" = 1. If moreover x = 1, then

H = {t € Gal(Q(pp)/Q) | t" = 1}.

In fact, this holds for any p, see [Wan95]. See also [KRV11] for an attempt on a
weaker condition.

Remark 4.3. Consider the Kloosterman sums
Sm = Kl(% X © NIqu/IFq ) qmv a)'
The L-function
o0 Tm
L(T) = —Sm

(T) = exp mz:; —
is a rational function over Q(fp(q—1)) by the Dwork-Bombieri-Grothendick rational-
ity theorem. Thus the sequence {S,,},, is a linear recurrence sequence. As shown

in [WY20, Theorem 3], the sequence {Q(S,,)},,> is periodic of period r for some
r,N. B
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Assume that for any i,j, x; = x; if x{ = xj. By Theorem 1.1, if p >
max { (2n?*™ +1)2, (3n — 1)c — n}, then Q(S,,) = Q(upc)™, where H consists of
those 047, such that there exists an integer k and a character n on F; satisfying

C X" =x"1 nla) =7 T[x"(t) with 7" =1. (4.1)
Hence Q(Sy) = Q(Sm—c) since v¢ = 1.

If p > max { (2n2d(N+T) + 1)2, Bn—1)c— n}, then the generating field of .S,, is

determined by Eq. (4.1) for any m. But unfortunately, we do not have a bound on
N. We roughly guess that S, has the predicted generating field if p > 3ndc.

= gt—r"

5. EXAMPLES

Denote by ng := (n,p — 1), dy the degree of a!~?)/™0 and
ag :=Np , /F (a(lfp)/"o) = q(1=p")/no,
p@0 /TP

Since
(a(lfp)/"())pkfl — p—Dn/no _ 1,
we have k = dy( for some integer 5. Moreover,

k d,
mo— it = ago(lfp )/(1=p?0) _ agoﬁ_

5.1. The case n = 2.

Proposition 5.1. Let x = {1, x}, where x is a multiplicative character of order
c# 2. If p> max { (22471 + 1)2,5¢ — 2}, then Kl(v, x,p?, a) generates Q(ppc)™,
where

(TgoTap>0-1,7-1), if x(=1) =1,x(a) = 1;
(T—go0ags 0—1), if x(=1) = 1,x(a) = x(ao) = —1;
(TqeOag,0-1), if x(=1) = 1, x(a)* # 1;

I (TgoT—ag, T-10-1), if x(=1) = —1,x(a) = x(ao) = —1;
(TgoTags T-1)s if x(=1) = =1, x(a) = 1;
(TgoTag, T-10-1), if x(=1) = —1,x(a) = —1,x(ao) = 1;
(T, To/20_ a/2>, if x(=1) = 1,2 | a, x(a) # *1;
<T"Ua0> if x(=1) = -1,21a,x(a) # £1.

is a subgroup of Gal(@(upc)/(@), qo = #F,(at=P)/2) qg = a1720)/2 ¢ Fx and o is
the order of x(ag) € pp—1-
Proof. Asremarked above, k = dof and t? = agﬁ for some integer 3, where gq = p%.

Hence t = :l:ag and

x“ ={lLx }:x%n:{n,nx%} n(a) = x"(t).

There are two cases:

(i) fnp=1,x" :qu, then w qu mod ¢ and

1=n(a) = x“(t) = x(t) = x(+al).
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(ii) If n = X“’,nxqg =1, then w = —¢) mod ¢. Since x*(a) = n(a) = x“(t),
we have x(a) = x(t) = x(£a)). Since ag = a(}~0)/2 ¢ [, we have

X(a)* = x(a)' =% = x(ag) '~ ® = 1.

Thus x(ap) = £1 and a =1 or 2.
The case x(—1) = 1.
(i) B = am for some m and w = ¢§™,t = £af™.
(ii) If o = 1, x(ag) = x(a) = 1, then w = —¢*,t = £a"; if & = 2, x(ag) =
x(a) = —1, then w = —gy ™"t = +as ™",
The case x(—1) = -1 and 2| a.

(i) w=qd™m,t=af™ or w =
(ii) a =2, x(a) = x(ap) = —1. Thenw = —¢;
—a2m
The case x(—1) = —1 and 21 a.
(i) w=qdm, t=ag™.
(ii) o« =1 and x(ag) = 1. If x(a) = 1, then w = —¢i*,t = af*; if x(a) = —1,
then w = —¢qg*,t = —ag". O

q(z)x(m+1/2)’t _ _ag(m+l/2)

+2m _ 1+2m — 2 _
st =ag orw = —q;",t =

Example 5.2. If a € F)', then go = p,a =1 or 2. One can easily obtain that

(Tp, T—1,0-1), if x(—1)=1and x(a) =1;
(Tp,0-1), if x(=1) =1 and x(a) = —1;
H =< (1), 7_1), if x(—=1) = —1 and x(a) = 1;
(Tp,T—10-1), if x(—1) = —1 and x(a) = —1;
(Tp)s if x(—1) = —1 and x(a) # %1.

This drops the combinatorial condition on (p,d) and the non-vanishing condition
on Tr(a) in [Zha21, Theorems 1.1, 1.3], while we require that p is large with respect
to d.

Remark 5.3. Assume that x = Ag. If Az(a) # 1, then the Kloosterman sum
vanishes. If As(a) = 1 and Tr(y/a) # 0, then the Kloosterman sum generates
Qup)t if x(—1) = 1; Q(pp) if x(—1) = —1. See [Zha21, Theorem 1.1(1)].

5.2. The upper bound of the generating field. If n = 1, then x}’ = ng. Thus
w= qg mod c. Denote by
o :=min {a € Zsg | Ito € F such that t§ = ag®®, [ x(to) = 1}.
Write f =as+r,0 <r < «. Then
()" = a0 = ag”, TIx(tty") = 1.
This forces 7 = 0 and t = At§ with A" =1, ][ x(A\) = 1. Hence
H D Hjy:= <Tq30't0,a'>\ [ A" =1,TIx(A) = 1>
and K1(¢, X, ¢, a) € Q(ppe) 0. This gives an upper bound of the degree of K1(¢, x, ¢, a).

Example 5.4. Denote by m(€) the multiplicity of £ in the n-tuple x. Assume that
there exists a character £ such that m(§) # m(¢') for any £’ # £. Then one can
easily show that n =1 and H = H,.
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