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Sprague-Grundy %%

o MR n MAFBEHER m BBMSE, EX Gs(n) = m, HIZFTIN
Sprague-Grundy F%| (Z Nim F51). B4

Gs(n) = mex{Gs(n —s) : s € S},
mex EEFNETEESESHR/NIIIELEEE (minimal except).
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s BELFZMENE (S LR);
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subtraction game
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o HNRES 5 PRITEMNNEIKRHT!, B
52{81,52,...,Sk}, §1 < 8 < -0 - < S

* B4 G(n) < k. TR S-G FIIFES s, WZRNFTIRE (k+ 1)% HaJge, M
mehERERA, FERMEER s, TUF5). M G(n) XBEZER s, TURE,
FRLAFEAT 1S 2

ultimately periodic

T35 G BRERARERN, BNEEEH p>1,0> 0 #/ Gn+p) =G(n),Vn > L.
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EIER.
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Hk=#S <28 p ¢ BBEREFW. MBEMER k = 3 WIEH, p M ¢ KAERZE
S2HE. BITERIMEMAFHLE H—LHNER.
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e EX L MR S =Su{z+pt}, HER zc S,;p & Gs BAH, M Gs = Gs.
e & S={a,c=at+7r},0<r<a, N
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QSZ{( ) | {=0,p=c+a T 2a.
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H.

MEFHEPREF R »2 BRINGEILE 2025 £5 B 7 H
BOOD0ODOMO000000BO00O0 8/19



B S ={1,bc},2tb. ZFE G1,b} =H,H =01. &MA

c Gs 14 b

I # H 0 2

1B HY2(23)-D/22 0 c+b

MBEFHFERRBEFR-R »2 BRNESL

BOO00000BEO000000BO0O0O

2025 5 B 7H
9/19



RS ={1,2,3t+r},0<r <3 £%E% G(1,2} =H,H =012. &AMA
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WS ={1,4,c=5t+r},0<r <5 EEE G1,4} = H,H =01012. &MA

r,C s 14 D
r=0,c=5 H 323 0 8
r=0,c>5 H!'323013H%!"1012012 c¢+6 c+1

r=1,4 H 0 5
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ZxnEA i a=1,0>618

Al

B’ S={1,bch, HF b>6 BMEBE, c=t(b+1)+r,0<r<b. BAA
r l D
1,b 0 b+1
3,0 — 1] B&HK 0 c+b
b—2 0 c+1
c=b+1 0 2b
r>b-2t—2 (%55 —-1)(c+b+2)—b c+1
c>b+1 r=b—2t—2 tlc+b+2)—b b—1
< —
r<b-4 A {r<b—2t—2 tlc+b+2)—b c+b

o AJLELET 1 W=T&BH, p M ( RS ¢ & {1,b} HNEMMNEREEX.
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=x&Eda=1,b>618 (&)

HIER § FHIRAESR. Flil: HEo<r=2v<b—2t—2, b=2k NI

i G((c+1)i+j4),0<j<e

1t (01)°2

0
1 (32)Fv=1(01)v+12, ’Ht_l(Ol)’“O
2 1(01)Fv=22(01)vF12, (32)F v~

2(01)1}—&—227 th—Q(Ol)vO

] ( )k v—22(01)v+10’... (0 ) —v—i+12(01)v+i—207
¢ 1(01)k v7i2(01)v+i712 ( 2)k v— (01)U+z2 thfi(Ol)vO
F 1 1(01)k=v=22(01)*+10,. .., 1(01)F—v=22(01)v+=30,
1(01)k v— t+12(01)v+t 22’ (32)k v— t+1(01)v+t 12 H1 (Ol)vo
. 1(01)k v— 22(01)’0+107 1(01)k v— t+12(01)v+t 20
1(01)k=v=t2(01)v+ =12, (32)k—v=t(01)v*+*2, (01)Y0
P41 1(01)k v—22(01)v+10’.." ( 1)k—v—t+12(01)v+¢—20y
1(01)k v t2(01)v+t 10 1( 1)k v—t— 12(01)v+t2 (32)k7v7t7101__.
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(1) & S = {a,2a,c = 3at +7},0 < r < 3a, W

3a/2, r=a/2;
3a, a/2 <r < 2a;

c+a, HEHEF.

0 c+a—r, 0<r<a;
g > p:
0, HERY,

(2) & S={a,a+1,....0 —1,b,c=tla+b)+7},0<r<a+b, W

a+b a<r<b;
(=0, p=<c+a, r=0%Kr>b;
c+b 0O0<r<a.
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%S =1{2,3,57} M G =0%12223%4 A#AH 9. T 11 < ¢ < 500, sUB(SU{c})
89 TR J5) 2 Fa JE) HA Ay
2¢c —4, c¢=1mod 18; c+2, ¢=0,8,9,10,17 mod 18;
lbe=4c+5, c¢c=10mod 18; p.= {4, c =1 mod 18;
0, H e HR, 9, HEH.
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FIEFEATEN sus(S U {c}) AEMIAARXTF c RRAERRREKMER:

==

Brefs S HBAEEEK ¢ N AR o, B Ay pir, 0 <7 < q, 5% ¢c> N B
c=rmod q B, SUB(S U {c}) @& HF B D A2 ape+ By A2 Ape + pur.

ERFRAE N TR RAL:

(1) 1€ S B S FrATRZHBAFTE
(2) §=A{10};

(3) §={a,2a};

4) S={aa+1,...,b—1,0b}
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A BRE—RF5

XNERAILUESRNFIISTE RN S-G F5. 1R g5 MAEHK 2, #7 sus(S)

ultimately bipartite

ERAZHH. FAILGERANR suB(S) BRAZHREY, W S FE1EE
51

Ka>3RHH RS A TFHBZ—:
o S$=1359,...,20 +1};
« 5={3,52%+1);
o S={a,a+2,2a+ 3},
e S={a,2a+1,3a},
M| SUB(S) ARL =,
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RHA: RE =275

RIELERFFHNBENEAR, BNLZIM TN T=THRE =S sus(S).

EiE

Ra>3 BHEK t>1. R S BOTHEHZ—

(1) S ={a,a+2,(2a+2)t+1}; (kB {a,a+2,2a+3})
(2) S={a,2a+1,(3a+ 1)t — 1} (kB {a,2a+ 1,3a})
(3) S={a,2a—1,(3a — 1)t +a— 2}, (kK8 {a,a+2,2a + 3})
M| suB(S) BRLZ—A.
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MA: REA=—2F5

FBIROISHS (1) 89 G-S FFHIFFEH (a = 2k + 1):

i G(la+1)2t+1)i+4),0<j<(a+1)(2t+1)=c+a

k—1 (01)*=2030%1
k (01)*~10301

(01)¥=201321  (01)*—2020°%1
(01)*=to121  (01)*—'0301

=1 (01)k—201%21 (01)%=2020321
=1 (01)*-1o101 (01)*=to101

0 0°1 197122 01 =t 197122 02973331
1 030°721 01°7221 020721 =1 0197221 0202°5321
J771(01)F 10197 2121(01) 102022213321
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