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[/l R 2k AR [ dh %

o EARNAFTEEELTFHEFIERE

. e — Ao aa s . - 2
o WERSAMMZZBHIN 0.b.c o= "0, =20
2 2
[—] Z - 2
e BUAHARTE 2+ 2= A8 a= " y” 2 Zx
3 2
« FRpo lgpo M on)
2 y?

e EZ, (v,y) EHEIRL

E,:y? =2 —nz

M—NERE y # 0 NEER.
o M E,(Q) 2FIRAMRERIIRE:, BiREN

En(Q)tors - Enp] - {07 (07 0)7 (na 0)7 (_na 0)} = (Z/QZ)2
o W n BERAIRHE BN ZHEMENEER2E £,(Q) MR TRE:.

BERARBEFHIEERE » 1 BEER 2025 £ 6 A 15 H
BERO000BO0000000B0000BO0000000O00



Selmer &40 Tate-Shafarevich &

o FATATLUFA Selmer BRIt £,(Q) BT
o SEIWFEESRT 0 E,2] - E, 2> E, — 0 B Gy LRARIE
0— E,(Q)/2E,(Q) — Sely(E,) — UI(E,)[2] — 0,
Hrp
Sela(E,) := Ker(H' (Gg, En[2]) = [JH!(Gag,, En)),

HI(E,) = Ker(H'(Gg, En) — [JH"(Go,, En)).

ranky B, (Q) < dimp, Sely(Ey,) — 2 = s2(n),

sa(n) := dimp, Sely(E,), Sely(Ey,) == zej?(gff)] .
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ERKE: sa(n) =0 1

e BSD BHEUS: & n RIEBRE, W L(E,,1) #0, MfI n = 1,2,3 mod 8.
e B n=1,23mod8 B, so(n) BIBEL

o BAM, so(n) =0 BE n BIERREE 11(E,)[2>] = 0.

o kA Tian-Yuan-Zhang (2017) #1 Smith (2016), EEMNMT

> 1=1€cT,,

n=dod1---dj,
d1=---=dr=1 mod 8
ha(—d;)=0,¥i
BItEY BSD 548 2 &893 AkIL.
o XB hy(—d) =r4(A_g) B F_q=Q(v—d) BEIF O_, FIBMEEE A, B9 4 %,

2‘1_1_/4)'

T9a (A) = di:(rl]}?2 (W
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ERREK: s2(n) =2 BW

EIE (Wang 2016)

0 B4R 1 RERR, WTRFM:
e n BERKKA 1I(E,)[2%°] = (Z/27)%;
® hy(—n) =1,hg(—n) = (d — 1)/4 mod 2,
HPo<d|n#E (d,—n), =1,Y,d#1,n, K (2d, —n), = 1, Vo.

X8 (d, —n), BHRRBEHEFNS.
FEIE (Wang-Zhang 2022)

& n B SR +1 REER, WTFREH:
o n BIERKIEE 1I(E,)[2] = (Z/27)%
® hy(—n)=1,hg(—n) = 0.
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ERREK: s2(n) =2 BW

TEIE (Zhang 2023)

& n B8 R +1 KEER, WTRFMN:
e 2n RERAKIKE 1I(E,)[2%°] = (Z/272)%;
® hy(—n)=1,d =9 mod 16,
Heb d|n R (dn),=1,Yv B d#1,d=1mod 4.

o XTPREWENT ha(—n) = 1,hg(—n) + hg(—2n) = 1.

e It5h, Qin (2021) IERAT HZEE p = 1 mod 8 H r3(K20,) = 0 BY, p BIFFFRE.
BEIE ry(K0,) =1, W 111(E,/Q)[2°°] = (Z/4AZ)*.

o XB Ky & Milnor K 8% (8¢l tame kernel).
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o XLELLRIEIEE n NERFEEENRAREPRAR.

o BNTEEZENRFBEERR, BITHEM—DRE s2(Q) =0 NIEFEIFRE Q H
K, MEEH—MEE n = PQ, 18 n KARIERREK.

© & P=yp - pp, HPFEREF p; =1 mod 8.

® 1% Q =gcd(2,Q)q1 - qu.
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(58

i 1E§‘I§§E Fg _tE,‘JrEJ% u = (ul, . .,uk)T, vV = (2}1, .. .,UZ)T,
o 1% X ui =0, =1, [&} = U;Vj.
95

o B[] Z10g( ) RIMEHLERS, HHP log: {£1} 5 F,.

q; q;

o T2, ENXIEME
Asp = Ap = ([pj, —Plp;) € My (F2), (BIIm&EZMA 0)

o HERIMEX Ag, A, M

(Ap +Up uvT>
An = T 5
U Ag

Hrp 1Ty =0,1% =1, Up = diag{u1, ..., us}.
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ERBRBIR T, ImTEH-
e n BIERKHE 1I(E,)[2°°] = 0;
e Ap +Up W3,
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ERIRBIZT, 0 TS
o n BERAKKA LI(E,)[2°] = (Z/22)%

- corank(Ap+Up) = 1 B [1] = 2] 41,

;:P 0<d ‘ P 7\ﬁi d# 1, [da _P]Pi = u;, Vpi ’ d; [d7_P]Pi =0, Vp; ’ %i (0‘7677)
B do? + 557 = 497 —ARRIEEHAE.

XEB, RREBHRZIEHRE ged(a, 8,7) = 1 RIIEEELHR.
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#W: s2(n) =2,u =0 1HH

EE w =0 MFANEE):

ERABRT, # [ ] =0.vij, W TFEH:
J
o n BFRKKE 1I(E,)[2%] = (Z/22)%
* ha(~P) =1 B [L] = hs(~P);

* hi(~=P) =1 B [L] = ry(Kz0p),
HH (o,8,7) B Po® + QB = 4y* W—AXRIEEHAR.

RERRBEFHIEERE »2 TELER 2025 £ 6 A 15 H
BOOODOODBROOOMO00B0000B0000000000



H0=0B0Q=1,2 M:

B n B S & 1 REER.

(1) FREH:
e n BERKKA 1I(E,)[2%°] = (Z/27)%;
L4 h4(—n) =18 hg(—n) =0;
L 7‘4(K20n) =0.

(2) TREFH
e 2n BRIERAKIKE 1I(E,)[2%] = (Z/22)%;
® hy(—n)=1 B hg(—n) + hs(—2n) = 1;
L4 7"4(K20_2n) = 0.
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EiE
BRMBEAUR (2] = 0.vi ). BHEIR P= [ f, BE
J
® ha(=fi) = 1,Vi;
o [B]=0. %8| fr | £, REERET, i £ 5

: [%] = Upetd = }_hs( fi)s

fi [ﬂ

B — 4 R IE S 3AAR.

R RAERRBKE 1I(E,)[2) = (Z/22)%, £F (o4, B, %) B fiof+257 = 497
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H#W: so(n) =2,0=0 1BH

BT 0 WA ZRETFHE S R 1.

(1) (Wang 2016) EFEQME n=f1-- [, #%7
® ha(—fi) =1, hs(—fi) =0,Vi;
® hg(—n) =r1; HK hg(—n) =7 — 1,[(2,v/—n)] ¢ A;
. [5] =0, %% p| fi,p | f; RERXBETF, i #,

n n BIERKIE UI(E,)[2°] = (Z/27)*".
(2) BERERMEn=f--f EF
® ha(—fi) =1,hs(—fi) = 0,Vi;
® hg(—2n) =r;
o [F]=0 b o) furl | f; RAERKEF, i £,

W 2n BIERKKE [MI(E,,) = (Z/27)%".
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2- T %

descent method

e IFAATETHE TR
o RIE 2-TFFEE, Sely(E,) AIERTES

{A = (d1,dz,d3) € (Q*/Q*?)3: Dp(Ag) # 0, dydads = 1 mod Q*?},
e Hrp D) EFFM=TIE]

Hy: —nt*+ dzu% — d3u§ =0,
Hy: —nt? +dsu3 — diui =0,
Hs: 2nt? + dyuf — dou3 = 0.

o —figith E(Q) > (z,9) = (v —n,x +n,z),
e O~ (1,1,1),(n,0) = (2,2n,n), (—n,0) — (—2n,2,—n), (0,0) — (—n,n, —1).
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Monsky 4EF%: & n

o B XLETTE T BRI AR, Monsky ¥ Selsy(E,) 5— Fo L3 M, 8%
BXRER.

o Yn=p - p BEHE, Sely(E,) FHTEANER—RRTT (d, do, d3) 18
dy,ds, ds 398 n BIEREF.

o LbEY
Sely(E,) — Ker M,,, M, = (

(dl,dg,dg) — <¢n(d2>> ,

An + Dn,2 Dn,2
Dn,2 An + Dn,—Q
¢n(d1)
T
o HrR VYn(d) = (Um(d)’ <o Upy (d)) € ng

¢ D= dingl[][S])

n
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Monsky %E[%: &K 2n

o K, Sely(Fy,) PRITTERENEEN—RIT (d1, do, d3) 15 di, da, d3 3979 n BY
HEFHA dy >0, d3 =1 mod 4.

o IbEY
SGIIQ(EQH) — Ker Mgn, Mgn = <

(1, da ds) > (@jgjz'f) ,

AE + Dn,2 Dn,fl
Dn,? An + Dn,?

o MMIBER THE
s2(n) = dimp, Sel,(E,) = corank M,,.
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Cassels Bt

o {NHIE sy(n) = ranky E,(Q) + dimp, [I(E,)[2] BFREUFEIIEERE

e Cassels 7E Sely(E,) LEXT—1 (R) JFFWNELMEE (- —) € Fa.

o WF A€ Sela(E,), H; BEIITIRE, MMEERAAME Q; (Hasse-Minkowski JRIE).
o %L I—RME FEEENXT H; T Q; XWYITE.

o F A = (d),dy, d}) € Sely(E,), BX

3
<A7 A,> = Z(AaA,>v € Fo, <A7A/>v = Z[Ll(Pv)y d;]v7
v =1
o Hrx Q BMERZEANL v, EEY P, € DA(Q,).
o XB—NAEMRM: = v1i200, Hy, L; RERNIDE, B Dy M L = 0 1R v FIRAD
AR SHE 1 HEMNEN—MIFEN, (-, -), =0.
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Cassels ECXEYA%

5|18 (Wang2016)

n BIERKRKE 1I(E,)[2°] = (Z/272)*™) <= Sely(E,) £ Cassels E2+IER
1.

e HIFAY!
0— E,[2] = En[4] =3 E,[2] = 0
BFEKIEES

0 — En(Q)[2]/2E,(Q)[4] — Sela(Ey,) — Sela(Ey,) — Im Sely(E,) — 0,

o HM ImSely(E,) BMET Sely(E,) =3 Sely(E,) HI.

e T Sely(E,) £ Cassels BEEXTHUIZTARIX ME.

o ALLSIEBEMBFNTF #Sela(E,) = #Sely(E,),

o ZINTF ImSely(E,) = E,[2] C Sely(E,), EMTF3IEAM.
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Selmer it E

o MABANIFFIBIPREELER.

FERBRRIZT, s2(n) = 2corank(Ap + Up).

o TANRIERA n FEHAVIEN, BEUBAZEIM,

° g
x Ap+Up uv’ Oy
T
7] vu AQ + DQ 2 DQ 2
K M = K 9 )
2 | €M r Oy, Ap+Up uv’t
w DQ,Q vul AQ + DQ7_2
SERFRBEFHIERRE » 4 LSILIEA 2025 % 6 A 15 H

BOOO0O0O0BO0000000BO000OROOO0O0OOOO0OO



Selmer BHITH (£2)

y
(Ap+Up)x = uv'y, (Ap +Up)z = uvTw

T
y\  [vulz
v 1) - (i)
M1T(Ap + Up)x = 1Tuvty FE u'z = 0. (fRi& 1Tu = 0)
B uwTz =0, ¥ My (3)) =0.

BT s2(Q) =0, Mg A, Ml y = w =0,
x,z € Ker(Ap + Up), s2(n) = 2corank(Ap + Up).
HUILRIZIREBELEIRT so(n) = 0 BB,
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Cassles ECXTEYITH

iRl
X 0 < fi, fj ! P WR gcd(fi, f;) = 1, vp(fi),vp(f;) € Ker(Ap + Up). R
:(ftalaft) = (fi, fr, 1), AR
; V241 i V2+1 ;
= [0 4 2] - (2] [
<A;>Aj> = ,}/ﬂ = [I;Z]a
(AN = [FE], (A = [”}j@]

B R IE B SR

;EF (Oéi, Bi, 7i)7 (0427

L) RBIRAR fiad + 167 = 1}, fia? -

787 =47

SERFRBEFHIERRE » 4 LSILIEA
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Cassles ELXTEYITE (52)

Hy: —nt?+u3 — fiud =0,
Hs : —%tQ—Fug—u%:O,
Hs: 2nt? + fiu? —u3 =0.

n

57{7]01@;727:) € Hl(@)v Ll - f
0,1,—1) EHQ(@), Lo = uz + uy.
o RIBRIST ST

F=0 [ =0win [F=omi]

Q1= ( Bit — aug + 2vjus,
Q2= (
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Cassles ECXTEYITH (B£)

o HF 0| fi B P = (fununus) = (1220, F). XERSMERTREM

E_}:E,Jzu%
o [LiP), £, = [BiF + 20 /=1, ], = [0/~ F. 1, = Diy/— 1. 1,
* [La(Py), fe (V2+1) \/>ft [L1La(Py), fi], = [(\f+1)717ft]

.ﬂj?v‘ﬁyﬁva—(t,ul,UZ,ug) (0’]"\/7’1)
o FUEIR [L1La(Py), fi], = Vi, filo-

2+ 1),
(N ) = SUVE+ AL + 50 Al = (2
v\ fi Ulf ¢
<MM>Lﬂf+mmﬂ+zmw]{ﬁ
v J
o HEIBA/EM.
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o HRIEBIEBYIITE s2(n) =2 <= corank(Ap +Up) = 1.
o BT Sely(E,) B A = (d,1,d), N = (d,d, 1) 488, HF ¢p(d) € Ker(Ap + Up).

V2+1 0%
= N o T
« FR(AN) =] y ]+[d}_
EH—FRI&u=0 Md=P.
BERRBEFHIEERIE » 4 EICIEH 2025 &£ 6 B 15 H
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o NTRINNERSEEE. Ko BEKRER, BfEIFME XLEIL.
® ¥ n=p--p,=1mod4.
o RIBSHIEYIEIL, ho(—n) =k + 1, hy(—n) = corank R_,, — 1,

An bn,2
o Hrh Redei EFF R_,, = BT [2] , bpe =Dy 1.
n,—1 —
’ n

o XWF 0_,,(d) := [(d,vV—n)] € A_,[2], O_,(d) € A, <= b,,€ImR_,.
e XB R | R, EE&RE—1T, (a,8,7) & do? + 25% = 49% WARIEEIHF.
o TFTF hoa(—2n), HNTELMUEL.

BERRBEFHIEERIE » 4 EICIEH 2025 £ 6 A 15 H
BOOOO0DBROO00000B0000BO00000MO000



K, #

e 1R3E Browkin-Schinzel (1982) #1 Qin (1995) BYT{E,
e Ym=n,2n>208

#{x: By = by 11, by 10} + #{x : B = by, 1, } = 21 E0m)+L
e Hm=—n,—2n< 20

2ra(K20m)+2 " 3 b, 1 ¢ Im By;

#{z : Bpa = 0,bpo}+#{@ : B = by} = {2T4(K20m)+1, # by,_1 €Im By,

® ,H\EF' Bm = An —+ Dn,m/n-
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K, K, BHAAEME A, BVERR

° & n BiE 8 R 1 REEEMR.
® hy(—n) = hy(—2n) = corank A,
b T’4(K20n) =0 < h4( ) = l,hg(—n> =0.
7“4(K2072n) =0 < h4(*n) =1, hg(*n) + hg(*Qn) =1.
o E hy(—n)=1, M hg(—n)=1— [\/5; 1
T4(K20_2n),7“4(K20n) < 1
e HILEITF s2(n) = 0,u = 0 BEHLEIL.

| he(=2m) = 1= [22],
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FELEW: so(n) = 2k 17

° lﬂ:EﬂL AP +Up = AP = dia‘g{Afl’ . A }

® B hy(—f;) =1 AIFN corank Ay, =1, 32( ) = 2r.

o LLBYER Ker M, BH Sely(E,) A Ay = (fi, 1, f:), A = (fi, fi, 1) HEBK.
o HERNHAY Cassels B xR xERE

X = * BT +C
“\B+C B+BT)’

) = ding{hs(~f), - hs(— )}

V241 V2+1
Ao g

5= (1}

J

C = diag{ | |} = diag{1 = hs(~f1),. ... 1= hs(~ 1)}

o Ak X = (; é) AJ¥, Cassels BEXtIEIB1L.
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H#W: 5,(2n) = 2k B

o TAIREEE 2n 1B
o IERITERIRFMET,

R 5, = diag{Anv 0} = diag{AfN > T Af'r? 0}

o FRLL hy(—2n) =r B A _9,[2] N A%,, BB 0 _9,(f1),...,0-2n(fr_1) K.
* B hs(—2n) =r AARIENIEBETF AL,
o MM b, €ImA,,

O_I%U%_[%]

o FFERIBAIZEM.
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